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where G N is broken down to SU(3) x SU(2) x U(l) n ~ 3 by the bifundamental 
link fields and the doublet-triplet splitting can be achieved. 
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1 Introduction 



Grand Unified Theory (GUT) gives us a simple and elegant understanding of the 
quantum numbers of quarks and leptons, and the success of gauge coupling unifi- 
cation in the Minimal Supersymmetric Standard Model strongly supports this idea. 
Although the Grand Unified Theory at high energy scale has been widely accepted, 
there are some problems in GUT: the grand unified gauge symmetry breaking mech- 
anism, the doublet-triplet splitting problem, and the proton decay problem, etc. 

Recently, a new scenario proposed to address above questions in GUT has 
been discussed extensively [1, 2]. The key point is that the GUT gauge symmetry 
exists in 5 or higher dimensions and is broken down to the 4-dimensional N = 1 
supersymmetric Standard Model like gauge symmetry for the zero modes due to the 
discrete symmetries in the brane neighborhoods or on the extra space manifolds, which 
become non-trivial constraints on the multiplets and gauge generators in GUT [2]. 
The attractive models have been constructed explicitly, where the supersymmetric 
5-dimensional and 6-dimensional GUT models are broken down to the 4-dimensional 
N — 1 supersymmetric £77(3) x SU(2) x £/(l) n_3 model, where n is the rank of GUT 
group, through the compactification on various orbifolds and manifolds. The GUT 
gauge symmetry breaking and doublet-triplet splitting problems have been solved 
neatly by the discrete symmetry projections. Other interesting phenomenology, like 
\x problems, gauge coupling unifications, non-supersymmetric GUT, gauge-Higgs uni- 
fication, proton decay, etc, have also been discussed [1, 2]. 

On the other hand, deconstrution was proposed about one year ago [3]. Decon- 
struction is interesting because it provides a UV completion of the higher dimensional 
theories. A lot of phenomenological and formal issues in deconstruction scenarios have 
been discussed. These include the extensions of the Standard Model, gaugino me- 
diated supersymmetry breaking, low energy unification, GUT breaking, electroweak 
symmetry breaking, anomaly inflow, the description of little string theories in terms 
of gauge theory, a single gauge group description of extra dimensions in the large 
number of color limit, models with noncommutative geometry, warped background 
geometry, topological objects, Seiberg-Witten curves, and even the deconstruction of 
time and gravity, etc [4, 5, 6, 7, 8]. By the way, the arrays of gauge theories, where an 
infinite number of gauge theories are linked by scalars, were discussed previously [9]. 

In this paper, we would like to discuss the deconstruction of gauge symme- 
try breaking by the discrete symmetry on extra space manifold. If we know how to 
deconstruct those higher dimensional theories, we can have a lot of good features in de- 
onstruction scenarios, for example, the gauge symmetry breaking, the doublet-triplet 
splitting, suppressing the proton decay, the gauge-Higgs unification (In the decon- 
struction language, bifundamental fields and SU(2) L Higgs unification.). For simplic- 
ity, we do not consider supersymmetry. First, we consider the Higgs mechanism de- 
construction scenario in which the gauge bosons obtain the masses via the VEVs of the 
bifundamental link Higgs fields. We shall deconstruct the non-supersymmetric SU (5) 
breaking by the discrete symmetry on the space-time M 4 x S 1 and M 4 x S l /{Z2 x Z'^) 
where M 4 is the 4-dimensional Minkowski space-time. We also explain the subtle 
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point on how to exactly match the continuum results with the latticized results on 
the quotient space S 1 /Z 2 and S 1 /(Z 2 x Z' 2 ). In addition, it seems to us that the Higgs 
mechanism deconstructions of the gauge symmetry breaking by discrete symmetry on 
the space-time M 4 x 5 1 and M 4 x S 1 / (Z 2 x Z' 2 ) might not be the real deconstructions. 
The key point is that, the bifundamental field Ui, which is the Schwinger line integral 
along the fifth dimension, should be considered as the gauge field A 5 . However, the 
mass spectrum and the 5-dimensional wave functions for the KK modes of A§ can not 
match those for £7 in the Higgs mechanism deconstruction scenario by counting the 
massless modes 3 . Therefore, we propose the effective deconstruction scenario where 
we add the mass term for each field by hand which comes from the latticization of the 
kinetic term of that field along the fifth dimension. In the effective deconstruction 
scenario, similar to the gauge symmetry breaking by the discrete symmetry on extra 
space manifold, we can define the discrete symmetry on theory space and discuss the 
gauge symmetry breaking. Moreover, we show that the continuum results match the 
effective deconstruction results exactly. As an application, we discuss the G N unifi- 
cation where G N is broken down to 577(3) x SU(2) x U(l) n ~ 3 (n is the rank of group 
G) by the bifundamental link fields and the doublet-triplet splitting can be achieved. 
With the general G N unification, we wish we can solve the tough problems in the 
traditional 4-dimensional GUT models. 

Let us explain our terminology. The exactly match between the n — th KK 
mode of a bulk field in the continuum case and the corresponding state in the decon- 
struction case means that the n— th mass eigenvalue and eigenvector of the field in the 
deconstruction scenario are the same as the mass and 5-dimensional wave function of 
the n — th KK mode of the corresponding bulk field when N >> n. 

2 Higgs Mechanism Deconstruction of SU (5) Break- 
ing on M 4 x S 1 by Wilson Line 

In this section, we would like to deconstruct the non-supersymmetric 577(5) breaking 
on the space-time M 4 x 5 1 by Wilson line in the Higgs mechanism deconstruction 
scenario. And we want to point out that one can discuss any other GUT groups 
similarly because the fundamental group of 5 1 is Z, i. e., 7r i (5 1 ) = Z [2]. 

2.1 577(5) Breaking on M 4 x S 1 by Wilson Line 

Let us consider the 5-dimensional space-time which can be factorized into a product 
of the ordinary 4-dimensional Minkowski space-time M 4 and the circle 5 1 . The 

3 One might consider the axial gauge A§ = in the 5-dimensional theory. However, only part of 
the scalars from {/, fields are eaten by the massive gauge bosons after the gauge symmetry breaking, 
and most of the physical scalars from Ui fields can obtain masses via Higgs mechanism. Therefore, 
the 5-dimensional gauge field ^5 in the axial gauge (A$ — 0) can not match the bifundamental fields 
Ui in the Higgs mechanism deconstruction scenario, too. 
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corresponding coordinates are x^, (/i — 0, 1, 2, 3), y = x 5 , and the radius for the fifth 
dimension is R. The gauge fields are denoted as Am{x^-,u) where M = 0,1,2,3,5. 
Because Z 2 C 71^ (S* 1 ), we can define the Z 2 parity operator P for a generic bulk 
multiplet y) 

-> $(xi*,y + 2irR) = rj*P l *$(xi i ,y)(P- 1 ) m * , (1) 

where 77$ = ±1 and P 2 = 1. By the way, if the gauge group G is SU(5), for a 5-plet 
$ in the fundamental representation, /$ = 1 and m$ = 0, and for a 24-plet $ in the 
adjoint representation, /$ = 1 and m$ = 1. 

Denoting the field with parity P=± by </>±, we obtain the KK mode expan- 
sions 

+00 

M^,y) = E , (2) 



= £ ^(^K 1 ^ • (3) 

n=— 00 

Now, let us discuss the SU (5) breaking. Under parity P, the gauge fields Am 
transform as 

A M (x^y + 27rR) = PA M (x^y)p- 1 . (4) 

And we choose the following matrix representation for parity operator P, which 
is expressed in the adjoint representation of SU (5) 

P = diag(-1,-1,-1,+1,+1) . (5) 

So, upon the P parity, the gauge generators T A where A=l, 2, 24 for SU(5) are 
separated into two sets: T a are the gauge generators for the Standard Model gauge 
group, and T a are the other broken gauge generators 

p pa p~^ — p a p p a — T a ^g^J 

And the masses for A a M and A a M are n/R and (n + 1/2) /R, respectively. In addition, 
if we add a pair of Higgs 5-plets H u and Hd in the bulk, then for each 5-plet, the 
doublet mass is n/R and the triplet mass is (n + 1/2)/ R if r]H u = Vn d = +1- In short, 
for the zero modes, the gauge group SU (5) is broken down to SU (3) x SU (2) x U(l), 
and we can solve the doublet-triplet splitting problem. The parities and masses of 
the fields in the SU(5) gauge and Higgs multiplets are given in Table 1. 
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Table 1: Parity assignment and masses of the fields in the SU(5) gauge and Higgs 
multiplets for the model with £77(5) breaking by Wilson line. The index a labels the 
unbroken SU(3) x SU(2) x U(l) gauge generators, while a labels the other broken 
SU(5) gauge generators. The indices D and T are for doublet and triplet, respectively. 



p 


field 


mass (n = 0, ±1, ±2, ...) 


+ 


a;, A^ H°, H° 


n/R 




^11 ^5 ^ui Hj 


(n + l/2)/R 



2.2 Higgs Mechanism Deconstruction 

We consider the SU(5) N+1 gauge theory with bifundamental fields Ui as follows 





SU(5) 


51/(5)1 


SU(5) 2 ■ 


•• SU(5) N -! 


SU(5) N 


Uo 


□ 


□ 


1 


1 


1 


Ui 


1 


□ 


□ 


1 


1 


Un-i 


1 


1 


1 


□ 


□ 


u N 


□ 


1 


1 


1 


□ 



(7) 



And the effective action is 

S = Jd A xj:^-^rF^ + Tr[(D,U t yD^U l } + .^ , (8) 

where the covariant derivative is D^Ui = d^Ui—iA^Ui+iUiA 1 ^ 1 and the dots represent 
the higher dimensional operators that are irrelevant at low energies. 

The bifundamental fields [/, obtain the vacuum expectation values (VEV) 
either from a suitable renormalizable potential or from some strong interactions. In 
order to obtain the deconstruction of the Wilson line gauge symmetry breaking, we 
choose the following VEVs for Ui 

<Ui> = di&g(v/y/2,v/y/2,v/y/2,v/y/2,v/y/2), fori = 0,1,2,.. .,N-1 , (9) 
<U N > = di&g(-v/V2,-v/V2,-v/V2,v/V2,v/V2) . (10) 
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We would like to explain the VEV for Un, which is different from the VEV for £/• 
where % = 0,1,2, N — 1. In general, we can take that the VEV for Un is the 
same as that for U{. And the masses for gauge bosons are given by the mass terms 
lEiI # V (^ (m) - ^ l ) 2 > where Af N+ ^ = Af for (3 = a and AK N+r > = -Af for 
P — a due to the Wilson line gauge symmetry breaking (See Table 1). However, in 
the Higgs mechanism deconstruction scenario, we take Af N+1 ^ = Af for (3 = a and 



P 



so, the last term in above mass terms is \g 2 v 2 (Af — Af 1 ) 2 for f3 — a, and 



\g 2 v 2 (Af + A@ N ) 2 for j3 = a. This correct mass term can be obtained by choosing the 
suitable VEV for Un, which is the Eq. (10) in our model. By the way, we emphasize 
that the VEV for Un in Eq. (10) is similar to the matrix representation for parity 
operator P in Eq. (5), which breaks the SU(5) gauge symmerty. 

Thus, the (iV + 1) x (N + 1) mass matrix for the Standard Model gauge boson 
or the column vector (Af, Af , Af, Af) is 



M 2 SM 



2 2 

9 v 



V 

The mass spectrum or eigenvalue is 

M 2 = 4g 2 v 2 sin 2 



2 


-1 





... _i 


-1 


2 


-1 


... o 





-1 


2 


... o 


-1 







-1 2 



(11) 



nir 



•N + l 



(12) 



where —N/2 < n < N/2 or n = 0, 1, 2, N. And the corresponding n — th eigenvec- 
tor is 



a r 



a u a L a N ) 



(13) 



where 



2jnn 

-- ex P{ ^ T , J » 3 = 0,l,...,N . 



(14) 



Noticing that R = (N + l)/(gv), we obtain that the n — th eigenvector matches the 5- 
dimensional wave function (e J "R ) of the n — th KK mode for A a ^ in the last subsection, 
and for n « N, the n — th mass (eigenvalue) matches the mass of the n — th KK 
mode for Af So, they exactly match. 

And the mass matrix for the non-Standard Model gauge boson or the column 
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vector (Af,Af,Af,...,Af) is 



2 


-1 





... + i 


-1 


2 


-1 


... o 





-1 


2 


... o 


+ 1 







-1 2 



m 2 NS m = <?V 



V 

The mass spectrum or eigenvalue is 

„ ,9 - 9 9 • 9/ + 1/2)71% 

1 JV+1 ' 



(15) 



(16) 



where —N/2 < n < N/2 or n — 0, 1, 2, AT. And the corresponding n — th eigenvec- 
tor is 



where 



1 



ocL = 



exp(2- 



: j (2n + 1)tt , 
iV + 1 ' 



j = 0,l,...,iV 



;i7) 



(18) 



Noticing that i? = (AT + i)/(gv), we obtain that the n — th eigenvector matches the 

. (n + l/2);/ 

5-dimensional wave function (e* « ) of the n — th KK mode for in the last 
subsection, and for n << N, the n — th mass (eigenvalue) matches the mass of the 
n — th KK mode for A°. Thus, they exactly match, and we want to emphasize that 
there is no massless mode for A™. 

In addition, we can discuss the deconstruction of Higgs fields H u and H d . We 
assume that under the % — th gauge group SU(5)i, there is a pair of Higgs 5-plets H l u 
and H d where i — 0, 1, 2, N. And we consider the following potential 

TV 



V = 2g^m(Ky\ 2 + \K +1 U l \ 2 + \U l H^ + \(H^yU t \ 2 ) 

N 

-V2g 2 vJ2( H u +1 U t (Hiy + (HfVUiH* + H.C.) , (19) 



i=0 



where for simplicity, we define H^ +1 = H® and H^ +1 = H®. The above potential for 
a pair of Higgs 5-plets H l u and H d comes from the deconstruction of (D 5 H U Y D 5 H U 
and (D 5 H d yD 5 H d in 5-dimensional theory, and the coefficients are determined by the 
normalization which is compatible with that of gauge fields. In short, we obtain that 
the mass matrix for the doublet H^ D or H d D is the same as that for the Standard 
Model gauge boson in Eq. (11), and the mass matrix for the triplet H l J or H l d T is the 
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same as that for the non-Standard Model gauge boson in Eq. (15). Therefore, similar 
to the discussions for Af, and A" the deconstruction results match the continuum 
results in Table 1. And then, we solve the doublet-triplet splitting problem. 

Furthermore, by counting the number of massless modes, we can prove that 
the bifundamental fields U can not match the gauge fields A 5 because C/jS are Higgs 
fields. The correct deconstruction of the A§ fields should have 12 massless modes, 
but, the UiS field will have at least 12(2 iV + 1) massless modes that are the Goldstone 
bosons and give masses to the longitudinal components of massive gauge bosons. 

In short, the gauge group is broken down to SU(3) x SU(2) x U(l) for the 
zero modes, and the deconstruction results match the continuum results except for 
A 5 and C/j. 

3 Higgs Mechanism Deconstruction of SU (5) Break- 
ing on M 4 x S 1 /(Z 2 x Z' 2 ) 

In this section, we would like to discuss the non-supersymmetric 577(5) breaking on 
the space-time M 4 x S 1 / (Z 2 x Z' 2 ). By the way, the SU (5) breaking on the space-time 
M 4 x S 1 /Z 2 can be discussed similarly. 

3.1 577(5) Breaking on M 4 x S 1 /(Z 2 x Z' 2 ) 

Our convention is similar to that in the subsection 2.1. The orbifold S 1 /(Z 2 x Z' 2 ) is 
obtained by S 1 moduloing the following equivalent classes: 

y~-y , y' — y' , (20) 

where y' is defined as y' = y — nR/2. 

For a generic bulk multiplet which fills a representation of the gauge 

group G, we can define two parity operators P and P' for the Z 2 and Z' 2 symmetries, 
respectively 

$(x M ,y) -> =ri<s,P l *<&(x^,y)(P- l ) m * , (21) 

$(^,y') -> $(^,-?/ / ) =^(P / ) Z4,< ^(^ ) y / )( p ' _1 ) m * , (22) 

where 77$ = ±1 and 77$ = ±1. 

Denoting the field with (P, P') = (±, ±) by ±± , we obtain the KK mode 
expansions 

V) = E^^A 2 ?(^)cos^, (23) 
= E^^Mcos^^, (24) 
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= E^^^sm {2n t 1)y , (25) 



n=0 



f TlR R 



(x»,y) = E-^0^(^)sin^±^. (26) 



n=0 

The 4-dimensional fields </>++\ and 0^ 2 ™ +2 - ) acquire masses 2n/R, (2n + 

1)/-R, (2n+ 1) / i? and (2n+2) / i? upon the compactification. Zero modes are contained 
only in ++ fields, thus, the matter content of massless sector is smaller than that of 

the full 5-dimensional multiplet. Moreover, only <p ++ and H fields have non-zero 

values at y — 0, and only ++ and fields have non-zero values at y — ttR/2. 
Under parity P, the gauge fields Am transform as 

A^-y) = PA,{x^y)p-\ (27) 

A 5 (x»,-y) = -PA 5 (x^,y)p- 1 . (28) 

And under parity P', the gauge field transformations are similar to those under P. 

We choose the following matrix representations for parity operators P and P' 
that are expressed in the adjoint representation of SU(5) 

P = diag(+l, +1, +1, +1, +1) , P' = diag(-l, -1, -1, +1, +1) . (29) 

So, under P' parity, the S77(5) gauge generators T A where A=l, 2, 24 for SU(5) 
are separated into two sets: T a are the gauge generators for the Standard Model 
gauge group, and T a are the other broken gauge generators 

p T a P- 1 = T a , PT a P- 1 = T a , (30) 

pi pa ^p,yl =T a ^ p, pa (ptyl = _pa _ ^ 31 ^ 

Therefore, the masses for gauge fields A a , A®, A^ and A§ are 2n/R, (2n+l)/R, 
(2n + 2)/R and (2n + 1)/R, respectively. For the zero modes, the gauge group is 
SU(3) x SU(2) x U(l). Including the KK modes, the gauge groups at y = and 
y = ttR/2 are SU(5) and SU(3) x SU{2) x U(l), respectively. 

Moreover, assuming that there exists a pair of Higgs 5-plets H u and in the 
bulk and i] Hu = i] Hd = +1, we obtain that for each 5-plet, the doublet mass is 2n/R, 
and the triplet mass is (2n + 1)/R. So, we solve the doublet-triplet splitting problem. 
The parities and masses of the fields in the 577(5) gauge and Higgs multiplets are 
given in Table 2. 
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Table 2: Parity assignment and masses of the fields (n > 0) in the SU(5) gauge and 
Higgs multiplets for the model with SU(5) breaking on M 4 x S l /(Z 2 x Z' 2 ). 



(P, p>) 


field 


mass (n = 0, 1, 2, ...) 


(+,+) 


Aa ttD ttD 
n u > n d 


2n/R 


(+,-) 


Aa ttT ttT 
n u ' n d 


(2n + l)/R 


(-,+) 


A% 


(2n+l)/R 


(-,-) 


At 


(2n + 2)/R 



3.2 Higgs Mechanism Deconstruction 

We consider the SU(5) N x (SU(3) x SU{2) x U{1)) gauge theory with bifundamental 
fields Ui (i — 0, 1, TV — 1), U c and U w as follows 





SU(5) 


517(5)! 


SU(5) 2 ■ 


• SU(5) N ^ 


SU(3) 


SU{2) 


U(l)y 




□ 


□ 


1 


1 


1 


1 







1 


□ 


□ 


1 


1 


1 





u 2 


1 


1 


□ 


1 


1 


1 





u c 


1 


1 


1 


□ 


□ 


1 


1 

3 


u w 


1 


1 


1 


□ 


1 


□ 


1 

2 



This kind of models has been discussed recently in Ref [5, 7]. 
The effective action is 



N-2 / 

TrF 2 c +Tr[(D ll U c )^D^U c } + ... 



1 



TrFl + Tr[{D^D^U w } + ... . 



(32) 



(33) 



Because we consider the Higgs mechanism deconstruction of SU (5) breaking on the 
space-time M 4 x S 1 / (Z 2 x Zg), at GUT scale, we should take the same gauge couplings 
for all the gauge groups SU(5) N x (SU{3) x SU(2) x Z7(l)). 
And we choose the following VEVs for Ui, U c and U w 

<Ui> = diag^/v 7 ^, v/V2, v/V2, v/V2, v/V2), for i — 0,1, 2, N — 1 , (34) 
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< U c >= diag^/v 7 ^, v/V2, v/V2) , <U W >= diag^/v 7 ^, v/V2) . (35) 
The (N + 1) x (N + 1) mass matrix for the Standard Model gauge boson is 



M| M = g 2 v 2 



1 


-1 


•■ 


• 








-1 


2 


-1 • • 


• 











-1 


2 •• 


• 














•• 


• -1 


2 


-1 








•• 


• 


-1 


1 



(36) 



However, the mass spectrum and eigenvector of above mass matrix do not exactly 
match those of A a ^ in the last subsection because of the fixed point. The subtle point 
is similar to that in the brane models on M 4 x S 1 /Z 2 or M 4 x R 1 /Z 2 where the brane 
tension at fixed point on the quotient space is half of that on the covering space [10]. 
And on the covering space S 1 , the mass matrix for the Standard Model gauge boson 
is similar to that in Eq. (11), then the continuum results and the deconstruction 
results do exactly match. In short, the n — th column eigenvector a n and eigenvalue 
M% should satisfy the following equation 



L SM)ij a n 



(M 2 SM ) 

The mass spectrum or eigenvalue is 



1 - T^Oi + <W 



nn 



where n = 0,l,2,...,iV. And the corresponding n — th eigenvector is 

a = (a a 1 a N ) 



where 



^N+l 2N h J ' ' ' 



(37) 



(38) 



(39) 



(40) 



Noticing that R = 2N/ (gv) , we obtain that the n — th eigenvector matches the 5- 
dimensional wave function (cos(2ra//i?)) of the n — th KK mode for A® in the last 
subsection (0++), and for n « N, the n — th mass (eigenvalue) matches the mass 
of the n — th KK mode for A?, in the last subsection. 
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The N x N mass matrix for the non-Standard Model gauge boson is 



M 2 NSM = g 2 v 2 



V 



1 


-1 


•• 


• 








-1 


2 


-1 •• 


• 











-1 


2 •• 


• 














•• 


• -1 


2 


-1 








•• 


• 


-1 


2 



(41) 



Similarly, the mass spectrum and eigenvector of above matrix do not match those of 
A ^ in the last subsection due to the fixed point. On the covering space S 1 , the mass 
matrix is reducible and the irreducible mass matrix is similar to that in Eq. (50). 
Thus, the continuum results and the deconstruction results do exactly match on the 
covering space S 1 . In short, the n — th eigenvector a n and eigenvalue M% should 
satisfy the following equation 



( M NSM)ij®l 



1 " 



lvl n ui n i 



where j = 0, 1,2, ...,N 



1. The mass spectrum or eigenvalue is 

2 2 . 2 (2n + l)vr 
- -4flVsm 2 ^ ) , 



M: 



where n — 0, 1, 2, N — 1. And the corresponding n — th eigenvector is 



a = (a a 1 a N ' v ) 



where 



cc = 



y/2 j(2n+l)7r . 
cos ( TTTt — )> J 



N 



2N 



0,l,...,iV-l 



(42) 



(43) 



(44) 



(45) 



Noticing that R = 2N/(gv), we obtain that the n — th eigenvector matches the 5- 
dimensional wave function (cos((2n + l)y/R)) of the n — th KK mode for A ^ in the 

last subsection (0 H ), and for n « N, the n — th mass (eigenvalue) matches the 

mass of the n — th KK mode for A?, in the last subsection. 

In addition, we would like to discuss the deconstruction of 5-dimensional fields 

0_ + and because we will have this kind of field expansions when we discuss the 

effective deconstruction scenario in the next section. So, let us give the mass matrix, 
eigenvalues and eigenvectors here. 
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The N x N mass matrix for the deconstruction of 5-dimensional field 0_+ is 





( o 

2 


— 1 
















-1 


2 


-1 ... 


o 


o 


o 


M! + = g 2 v 2 





-1 


2 ••• 



















••• 


-1 


2 


-1 




I 





••• 





-1 


1 J 


The mass spectrum or eigenvalue is 












M 2 = 


= 4g 2 v 2 


sin 2 


(2n+ 1)tt 
4iV 


), 







(46) 



(47) 

where n = 0,1,2, N — 1. And the corresponding n — th eigenvector is 

a n = (a£,a£, ...,0 , (48) 

where 



Q , = ^ sin( %±^), j = 1 , 2 ,...,^. 



71 



iV 



2AT 



(49) 



The (N — 1) x (N — 1) mass matrix for the deconstruction of 5-dimensional 
field 4> is 

N 



M 2 __ = g 2 v 2 



(2-10 
-1 2 -1 
0-12 



V 












-1 2 -1 
0-12 



(50) 



Because the field vanishes at the fixed point, we would like to emphasize that the 

mass spectrum and eigenvector for the physical field are the eigenvalue and eigenvector 
of above mass matrix. The mass spectrum or eigenvalue is 



M 2 n = Ag 2 v 2 sm 2 C ^ ) 



(51) 



where n — 0,1,2, N — 2. And the corresponding n — th eigenvector is 

a n = (a l n ,a 2 n ,...,a*- 1 ) , (52) 
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where 



< = ^sin(*l±^),i = l,2,...,i V - 1 . (53) 

Moreover, we can discuss the deconstruction of Higgs fields H u and Hd. We 
assume that under the i — th gauge group <S77(5)j, there is a pair of Higgs 5-plets H % u 
and H d where % — 0, 1, 2, N — 1, and for the N — th gauge group, there is a pair of 
Higgs doublets H^ D and H d D . And we consider the following potential 

JV-2 

1/ = 2^S(I^(^ 2 + I^ 1 ^I 2 + I^I 2 + K^ 1 W) 

i=0 

-^EWW)* + (H? 1 )^ + H.C.) 

i=0 

+2g\\u w {Hi N -^ D n + i#r^r + i^#f ~ l)D \ 2 + mrw) 

-V2gMHrU w (Hi N - 1)D y + (Hn'U w H d N - 1)D + if.C.) . (54) 

This potential for a pair of Higgs 5-plets H l u and H l d comes from the deconstruction 
of (D^Hy)' D^H U and (D^Hay D^H^ in 5-dimensional theory, and the coefficients are 
determined by the normalization which is compatible with that of gauge fields. So, 
we obtain that the mass matrix for the doublet H % ® or H l d D is the same as that for 
the Standard Model gauge boson in Eq. (36), and the mass matrix for the triplet 
H l J or H l d T is the same as that for the non-Standard Model gauge boson in Eq. (41). 
Therefore, similar to the discussions for and A a , the deconstruction results match 
the continuum results in Table 2 exactly. And then, we solve the doublet-triplet 
splitting problem. 

Furthermore, by counting the number of massless modes, we can prove that 
the bifundamental fields Ui can not match the gauge fields A^ because C/jS are Higgs 
fields. The correct deconstruction of the A 5 fields should have massless modes, but, 
the UiS field will have at least 24iV massless modes that are the Goldstone bosons 
and give masses to the longitudinal components of massive gauge bosons. 

In short, the gauge group is broken down to SU(3) x SU(2) x U(l) for the 
zero modes, and the deconstruction results match the continuum results except for 
A 5 and Ui. 



4 Gauge Symmetry Breaking by the Discrete Sym- 
metry on the Theory Space in the Effective De- 
construction Scenario 

It seems to us that the Higgs mechanism deconstructions of the gauge symmetry 
breaking by discrete symmetry on the space-time M 4 x S* 1 or M 4 x S 1 /(Z 2 x Z' 2 ) 
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in the last two sections might not be the real deconstructions. The key point is 
that, the bifundamental field Ui, which is the Schwinger line integral along the fifth 
dimension, should be considered as the field A 5 . However, the mass spectrum and the 
5-dimensional wave function for the KK modes of can not match those for Ui in 
the Higgs mechanism deconstruction scenario in above two sections by counting the 
massless modes. In order to have exact match, we propose the effective deconstruction 
scenario and discuss the gauge symmetry breaking by the discrete symmetry on theory 
space. 

Before we propose the effective deconstruction scenario, let us consider the 5- 
dimensional SU (5) theory with a pair of Higgs 5-plets H u and H d on the space-time 
M 4 x S 1 . If we latticized the fifth dimension with N +1 sites, we obtain the following 
mass terms for the fields A l M , H l u , H l d from the latticized kinetic terms of the fields 
along the fifth dimension, i. e., d$<f)d 5 <f) for a generic bulk field <fi(x^,y) 

V = E (l^) 2 Q^m 1 - A\jf + \W u +l - Wf + \W d +l - H d \ 2 ^j 

+ \H d +1 -VH d T- 1 H d \ 2 ) , (55) 

where the subscript M denotes 0, 1,2,3,5 (/i and 5), T is a 5 x 5 matrix and is a 
generator of Z n group, which is a subgroup of 7Ti(S' 1 ) = Z, i. e., Y n = 1. Of course, 
there exist some other terms, but we are not interested in them here. It is not hard 
for one to prove that the 5-dimensional SU (5) gauge theory on M 4 x S 1 is equivalent 
to the 4-dimensional SU(5) N+1 gauge theory with above effective potential and other 
terms in the large N limit, i. e., N — > +oo. In addition, we would like to point 
out that the SU (5) 7V+1 gauge theory with above effective potential preserve only the 
SU(5)/T gauge symmetry, where the gauge group SU(5)/T is the commutant of T in 
SU(5), mathematically speaking, 

SU(5)/F = {ge SU(5) \gT = Tg} . (56) 

Of course, the Lagrangian is not SU(5) N+1 gauge invariant, and then, the theory is 
non-renormalizable. However, this latticized theory is correct because from the point 
of view of 4-dimensional effective theory, the 5-dimensional SU(5) gauge theory on 
M 4 x S* 1 preserve only the SU(5)/T gauge symmetry for the zero modes, the gauge 
symmetries for the non-zero KK modes of 5-dimensional gauge fields are completely 
broken, and the 5-dimensional theory is non-renormalizable. 

Therefore, we can consider the SU(5) N+1 gauge theory where in particular the 
gauge fields A 5 or the corresponding link fields Ui do not have the VEVs, and we 
introduce above effective potential for the mass terms by hand. In this approach, we 
can consider the discrete symmetry on theory space and discuss the gauge symmetry 
breaking. Moreover, the continuum results exactly match the deconstruction results. 
Because we add the mass terms by hand and our theory is an effective theory, we call 
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this deconstruction scenario as effective deconstruction scenario. However, we would 
like to emphasize that the effective deconstruction scenario is the non-renormalizable 
theory, and how to construct a renomalizable effective deconstruction scenario de- 
serves further study and is out of the scope of this paper. 

4.1 Deconstruction of SU(5) Breaking on M 4 x S 1 by Wilson 
Line 

Considering the SU(5) N+1 gauge theory with bifundamental link fields Ui given in 
Eq. (7) in subsection 2.2, and assuming that there exists one pair of Higgs 5-plets H l u 
and H l d under the gauge group SU (5)j where % — 0, 1, 2, TV, we choose the following 
effective potential 



V 



+\h! +1 -h:\ 2 



+ 



N + l 



(A«-rAlr-r + i-(u N -ru r-i) 



-1\2 



2nR J V2 V " ' 2 

+l^-^r//;| 2 + |^ 1 -^ d r- 1 ^| 2 ) , 



(57) 



where 



r = diag(-l, -1,-1, +!,+!) , 



(5? 



and i]h u = i]H d — +1. So, we obtain that the parities of all the fields are the same 
as those in the subsection 2.1 (see Table 1), and the deconstruction results exactly 
match the continuum results. 

4.2 Deconstruction of ST/ (5) Breaking on M 4 x S 1 /(Z 2 x Z' 2 ) 
We consider the SU(5) 4N gauge theory with bifundamental fields Ui as follows 4 





SU(5) 


51/(5)1 


51/(5)2 • 


■• 51/(5)^-1 






□ 


□ 


1 


1 


1 




1 


□ 


□ 


1 


1 


C/at-i 


1 


1 


1 


□ 


□ 



(59) 



4 For convenience to define Z 2 and Z' 2 symmetries, we define half Ui as \j\ in the previous sections. 
Because we consider the non-supersymmetric theory, there is no anomaly problem. 
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SU(5) N 


SU(5) N+1 


SU(5) N+2 ■■ 


• 5C/(5) 2A r_i 


SU(5) 2N 


u N 


□ 


□ 


1 


1 


1 


Un+i 


1 


□ 


□ 


1 


1 


U2N-1 


1 


1 


1 


□ 


□ 




SU(5) 2N 


SU (5) 2 at+i 


SU(5) 2 N+2 • 


•• SU(5) m - 


1 SU(5) 3N 


U2N 


□ 


□ 


1 


1 


1 


U2N+1 


1 


□ 


□ 


1 


1 


UzN-l 


1 


1 


1 


□ 


□ 




SU(5) 3N 


SU (5)sn+i 




■• SU(5) 4N 


-1 SU(5) 




□ 


□ 


1 


1 


1 


U3N+I 


1 


□ 


□ 


1 


1 


U4N-I 


1 


1 


1 


□ 


□ 



(60) 



(61) 



(62) 



On the theory space, there are AN sites and AN bifundamental link fields. 
And we would like to add one pair of Higgs 5-plets H l u and H l d on the i — th site. 
Moreover, we introduce the following effective potential for the mass terms 



47V- 1 



v = E 



i=0 



/2Ny n 



(4" 



i+l 



+ \Hl +1 - W u \ 2 + \W d +1 - H^ 2 



^Y + -(U t 



U i+1 ) 2 



(63) 



So, the mass matrix for each field is similar to that in Eq. (11). 

Now, let us discuss the discrete symmetries on the theory space. We define 
that i' = i + 3iV for < % < N and %' = i - N for N < i < AN. The Z 2 and Z' 2 
symmetries on theory space are defined by the following equivalent classes 



% ~ AN - i for Z 2 , i' ~ AN - i' for Z' 2 



(64) 
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For a generic multiplet Q l (x^) (i = 0, 1,2, ...,4iV) which fills a representation 
of the gauge group SU(5)i, we can define two parity operators P and P' for the Z 2 
and symmetries, respectively 

$*(^) -> $ 4JV ^(^) = ^P i *$ i (^)(p- 1 ) m * , (65) 

-> $ 4JV - i '(^) =^(P') l ^¥\x^)(P'- 1 ) m ^ , (66) 

where 77$ = ±1 and 77$ = ±1. 

Denoting the physical field with (P, P') = (±,±) by 0±±, we obtained the 
physical fields ^±±(2^) expansion in terms of the site fields J (x M ) 

A+V) = "y= E cos(^)^M , (67) 



i 2 - + V) = ^ 4 E^os( J -^±^)0^(^), (68) 



= -^7 E 1 sin( j(2w + 1)?r )^(^), (69) 



^ 2 - + V) = iW^M- (70) 

The physical fields < ^™ +1 - ) and 0^" +2 ^ acquire masses ^sin(^), 

Ssin(^), gsin(^) and gsin(^±%), respectively, where n = 0,1,2, 
2N — 1. In the large N limit, or N — > +00 or n << iV, the physical fields 
ft 2 +\ 0L 2 + +1) and 0L 2 " +2) acquire masses 2n/R, (2n + 1)/P, (2n + 1)/P and 

(2n + 2)/P, respectively. Therefore, the deconstruction results exactly match the 
continuum results. In addition, zero modes are contained only in fields, thus, 
the matter content of massless sector is smaller than that of the full multiplets in 
the theory. Moreover, only 0+™^ and fields have non-zero values at % — and 

i = 2N, and only 0+"^ and 0^ 2 ™ +1 ' ) fields have non-zero values at % = N and % = 3N. 
Under Z 2 parity P, the fields A 1 , Ui, H l u and H l d transform as 

Af-\x») = PA^P- 1 , (71) 
U^-^af) = -PU^x^P' 1 , (72) 
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K N -\x») = PHi(x»), (73) 

fl^-V) = P-'Kix*). (74) 

And under parity P' , the gauge field and Higgs field transformations are similar to 
those under P. 

We choose the following matrix representations for parity operators P and P' 
that are expressed in the adjoint representation of SU (5) 

P = diag(+l, +1, +1, +1, +1) , P' = diag(-l, -1, -1, +1, +1) , (75) 

and then, we obtain that the parities of all the fields are the same as those in the sub- 
section 3.1 (see Table 2), and the deconstruction results exactly match the continuum 
results. 



5 G N Unification 

G N unification has been discussed previously where each gauge group G is broken by 
the Higgs fields in its adjoint representation [11], or the gauge group G N is broken 
by introducing more than one link Higgs field between the first two sites recently [6]. 
The doublet-triplet splitting are also considered in the deconstruction of SU (5) on the 
disc D 2 [8]. In this section, we would like to briefly discuss the G N unification where 
G N is broken down to 577(3) x SU(2) x U(l) n ~ 3 by the bifundamental link fields in 
which n is the rank of group G. We shall discuss the scenario with G = SU (5) as an 
example, and similarly, one can discuss the scenario with G = SU (6), SO (10), E 6 , etc, 
for ni(Si) = Z [2]. The discussions for the doublet-triplet splitting are primitive here, 
and the natural solution to the doublet-triplet splitting problem in a supersymmetric 
scenario will be presented elsewhere [12]. 

5.1 SU(b) x S77(5)i 

The set-up is similar to that in the subsection 2.2 for N — 1. We choose the VEVs 
of Uq and U\ as 

<U > = diag(v/V2,v/y/2,v/y/2,v/y/2,v/y/2) , (76) 

<[/!> = diag(-v/V2,-v/V2,-v/V2,v/V2,v/V2) . (77) 
The mass matrix for the Standard Model gauge boson is 

\ 



2„.2 



M Z SM = 9 z v 



2 -2 
-2 2 



(78) 
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and the mass matrix for the non-Standard Model gauge boson is 

M 2 NSU = gV 2 ° ) . (79) 

It is easy to check that only the Standard Model gauge bosons have zero modes and 
the non-Standard Model gauge bosons are massive. 

Now, let us discuss the doublet-triplet splitting. Suppose that H l u and H d 
are in the fundamental and ant i- fundamental representations of SU (5)« respectively, 
where i — 0, 1. With the following potential 

V = 2/(|f/o(^ ) t | 2 + l^o| 2 + |f/o^T + l(^ 1 ) t ^o| 2 ) 
+2s 2 (|fA(^)t| 2 + l^fAl 2 + \U ± H^ + K^ )^! 2 ) 

-VlgMHlUoiH^ + (H^U H° d + H.C.) 

-V2g 2 v{H°MHl) ] + {H^U.Hl + H.C.) , (80) 

we obtain that the mass matrix for the doublet H^ D or H l d D is the same as that for 
the Standard Model gauge boson in Eq. (78), and the mass matrix for the triplet 
H l J or Hf is the same as that for the non-Standard Model gauge boson in Eq. (79). 
Therefore, we solve the doublet-triplet splitting problem. 

The possible interesting model is that we put three 5-plets (5) fermions under 
S77(5)o, and three 10-plets (10) fermions under SU(5) 1 . Then, the proton decay is 
suppressed at least at one loop level. Of course, there might exist anomaly in the 
model. One way to avoid anomaly is that, we consider supersymmetry and three link 
fields that are in the fundamental and anti-fundamental representations of SU(5)q 
and SU(5)i, respectively. 



5.2 SU(b) x S77(5)i x SU(b) 2 

The set-up is similar to that in the subsection 2.2 for N = 2. However, we choose the 
following VEVs of U , U\ and C/ 2 , which can also give the correct mass matrices for 
gauge boson and Higgs fields 



< Ui >= diag(-w/V2, -v/V2, -v/V2, v/V2, v/V2), for i = 0, 1, 2 . (81) 
The mass matrix for the Standard Model gauge boson is 



M 2 SM = g 2 v 2 



1 2 -1 -1 X 
-1 2 -1 
-1-1 2 j 



(82) 
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and the mass matrix for the non-Standard Model gauge boson is 



Ksm = 9 2 v 2 



V 



2 


+ 1 


+ 1 


+ 1 


2 


+ 1 


+ 1 


+1 


2 



(83) 



/ 



It is easy to check that only the Standard Model gauge bosons have zero modes and 
the non-Standard Model gauge bosons are massive. 

Now, let us discuss the doublet-triplet splitting. Suppose that H l a and H l d 
are in the fundamental and ant i- fundamental representations of SU (5)j respectively, 
where i = 0,1,2. With the following potential 



V = 2g\\Uo(Hy\ 2 + \H 1 u Uo\ 2 + \U H d \ 2 + \(H 1 d yU \ 2 ) 
2g 2 (\U 1 (H 1 J\ 2 + \H 2 u Ui\ 2 + I^T + \(H 2 d M\ 2 ) 
+2g 2 (\U 2 (H 2 J\ 2 + \H° U U 2 \ 2 + \U 2 H 2 \ 2 + \{H^U 2 \ 2 ) 
-V2g 2 v(HlU (H°J + HlU^J + H° U U 2 (H 2 J + H.C.) 
-V2g 2 v((H d y Uo H° d + (H^U.H, + (H^U 2 H 2 + H.C.) , 



(84) 



we obtain that the mass matrix for the doublet H^ D or H l d D is the same as that for 
the Standard Model gauge boson in Eq. (82), and the mass matrix for the triplet 
H l J or H d T is the same as that for the non-Standard Model gauge boson in Eq. (83). 
Thus, we solve the doublet-triplet splitting problem. 

The possible interesting model is that we put one family (5 + 10) fermions 
under one SU(5) gauge group, and define the Z 3 symmetry on the model. 



6 Discussion and Conclusion 

An interesting question is how to realize the Yukawa couplings in the deconstruction 
scenarios. If the 5-dimensional theory is non-supersymmetric, we can consider the 
5-dimensional Yukawa couplings or 3-brane localized Yukawa couplings. In the de- 
construction scenarios, we need to introduce the Yukawa couplings on all the sites for 
the first case. For the second case, we introduce the Yukawa couplings only on the 
corresponding particular site for that 3-brane. For example, if the 3-brane localized 
Yukawa couplings is on the 3-brane at y = in the 5-dimensional theory, we only 
introduce the Yukawa couplings on the — th site. In addition, if the 5-dimensional 
theory is supersymmetric, we can only consider the Yukawa couplings (superpoten- 
tial) on the observable 3-brane at the fixed point because the 5-dimensional N = 1 
supersymmetry is 4-dimensional N = 2 supersymmetry, and then, the bulk Yukawa 
couplings are forbidden. In the deconstruction scenarios, we introduce the Yukawa 
couplings (superpotential) on the corresponding site for the observable 3-brane at the 
fixed point. 
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In this paper, we deconstruct the non-supersymmetric SU (5) breaking by dis- 
crete symmetry on the space-time M 4 x S 1 and M 4 x S 1 /(Z 2 x Z' 2 ) in the Higgs mech- 
anism deconstruction scenario. And we explain the subtle point on how to exactly 
match the continuum results with the latticized results on the quotient space S 1 jZ 2 
and S 1 /(Z 2 x Z' 2 ). Because it seems to us that the Higgs mechanism deconstruction 
scenario might not be the real deconstruction, we propose the effective deconstruc- 
tion scenario and discuss the gauge symmetry breaking by the discrete symmetry 
on theory space in this approach. However, for simplicity, we do not consider su- 
persymmetry and only discuss GUT group SU(5). So, it is interesting to consider 
supersymmetry and discuss other GUT breaking, for instance, SU(6), SO (10), and 
E$, etc. Moreover, we can study the deconstruction of the extra space manifolds like 
the two-torus T 2 , the disc D 2 and the annulus A 2 , and discuss the general gauge sym- 
metry and supersymmetry breaking by the discrete symmetry on the general theory 
space in the effective deconstruction scenario. It seems to us that we will have the 
link fields and Higgs unification, suppress the proton decay by R-symmetry, solve the 
doublet-triplet splitting problem and \x problem. 

As an application, we suggest the G N unification where G N is broken down 
to SU(3) x SU(2) x U(l) n ~ 3 by the bifundamental link fields and the doublet-triplet 
splitting can be achieved. Furthermore, we can consider the general link fields, for 
example, (10, 10) for SU(5)o x SU(5)i. In short, with the general G N unification, we 
wish we can solve the tough problems in the traditional 4-dimensional GUT models. 
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